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�+(� $1$/<6,6� 352&('85(6� ,03/(0(17('� ,1� ����!� &216,67� 2)� 7:2� 3$576�� �/�� $� '(5,9$7,21

2)� 7+(� 6<67(0�6� (48$7,216� 2)� 027,21� $1'� )81'$0(17$/� )5(48(1&<� 86,1*� �$</(,*+�6� 0(7+2'�

:+,&+� 02'(/6� 7+(� $17(11$� 0$67� $6� $� 6,1*/(>'(*5((>2)>)5(('20� ������� 6<67(0� 7+528*+� 7+(

86(� 2)� $1� $6680('� ',63/$&(0(17� 6+$3(� &203$7,%/(� :,7+� 7+(� 6833257� &21',7,21� 2)� 7+(� 0$67�

$1'� �	�� $� 180(5,&$/� ,17(*5$7,21� 6&+(0(� )25� 7+(� 62/87,21� 72� 7+(� (48$7,216� 2)� 027,21� 86,1*

�877$>�(5621� #� 6� )2857+>25'(5� 35(',&725>&255(&725� 7(&+1,48(�� �+(6(� 352&('85(6� $5(

'(6&5,%('� 1(;7�

���
�	����� ����
�

�+(25(7,&$//<�� $� &217,18286� %($0� +$6� $1� ,1),1,7(� 180%(5� 2)� '(*5((6� 2)� )5(('20�� $1'

7+86� &$1� ',63/$&(� ,1� $1� ,1),1,7(� 9$5,(7<� 2)� ',63/$&(0(17� 3$77(516� '85,1*� 9,%5$7,21�� �2� $33/<

�$</(,*+�6� 352&('85(�� ,7� ,6� 1(&(66$5<� 72� $6680(� 7+(� 6+$3(� 7+$7� 7+(� %($0� :,//� 7$.(� ,1� ,76� )81>

'$0(17$/� 02'(� 2)� 9,%5$7,21�� �+,6� $668037,21� ())(&7,9(/<� 5('8&(6� $� &217,18286� %($0� 72� $1

����� 6<67(0� 7+$7� 0$<� '()/(&7� 21/<� ,1� ,76� )81'$0(17$/� 02'(�� �+,6� $668037,21� ,6� $&&(37$%/(

)25� 7+(� 6+2&.� $1'� 9,%5$7,21� $1$/<6,6� 2)� 7+(� 6+,3%2$5'� $17(11$� 0$67�� 6,1&(� 7+(� 81'(5:$7(5

(;3/26,21� 6+2&.� $&&(178$7(6� 620(� )5(48(1&<� &20321(176� $1'� 68535(66(6� 27+(56� :+(1� 3523>

$*$7,1*� 7+528*+� $� 6758&785$/� 3$7+� 2)� 7+(� 6+,3�6� +8//�� 7+(� '(&.�� 7+(� 683(56758&785(�� $1'� 7+(

0$,1� 0$67� %()25(� 5($&+,1*� 7+(� %$6(� 2)� 7+(� 32/(� 0$67� ����� /(9(/��� �+(� 027,21� '$7$� 7$.(1� $7

7+(� %$6(� 2)� 7+(� 32/(� 0$67� '85,1*� 7+(� ��>�
� 6+2&.� 75,$/6� ,1',&$7('� 7+$7� 7+(� $7+:$57� &2032>

1(17� �<>',5(&7,21�� 2)� 7+(� 027,21� :$6� $%287� �� 72� 
� �=� $1'� �� 72� �	� *�� �+,6� /2:>)5(48(1&<

027,21� ,6� 81/,.(/<� 72� (;&,7(� $1<� +,*+(5� 9,%5$7,21� 02'(� 2)� 7+(� ���� 0$67� 7+$1� ,76� )81'$0(1>

7$/� 02'(�� �$</(,*+� #� 6� 0(7+2'� ,6� )2508/$7('� $6� )2//2:6�

�216,'(5� $1� $17(11$� 0$67�� :+,&+� +$6� $� )/(;85$/� 67,))1(66� ',675,%87,21� ���;�� $1'� $� 0$66

3(5� 81,7� /(1*7+� ',675,%87,21� 0�;�� $1'� &$55,(6� 32,17� 0$66(6� �,�� ,6� 68%-(&7('� 72� 7+(� %$6(

027,21� 9*�7�� $6� 6+2:1� ,1� ),*85(� 	�� �2� $3352;,0$7(� 7+(� 027,21� 2)� 7+,6� 6<67(0� :,7+� $1� �����

,7� ,6� 1(&(66$5<� 72� $6680(� 7+$7� ,7� 0$<� '()/(&7� 21/<� ,1� $� 6,1*/(� 6+$3(�� �+86�� 7+(� 027,21� $7� $1<

32,17� 21� 7+(� 0$67� &$1� %(� :5,77(1� $6

v(x, t)� P(x)Z(t) (1)

,1� :+,&+� ��;�� ,6� 7+(� 6+$3(� )81&7,21� $1'� "�7�� ,6� 7+(� *(1(5$/,=('� &225',1$7(� 5(35(6(17,1*� 7+(

$03/,78'(� 2)� 7+(� 027,21�� �<3,&$//<� 7+(� *(1(5$/,=('� &225',1$7(� ,6� 6(/(&7('� $6� 7+(� ',63/$&(>

0(17� 2)� 620(� &219(1,(17� 5()(5(1&(� 32,17� ,1� 7+(� 6<67(0�� 68&+� $6� 7+(� ',63/$&(0(17� $7� 7+(� 7,3

2)� 7+(� 0$67�� �+(� (48$7,216� 2)� 027,21� 2)� 7+,6� *(1(5$/,=('� 6<67(0� &$1� %(� '(5,9('� %<� 7+(� 35,1>

&,3/(� 2)� &216(59$7,21� 2)� (1(5*<� ��$0,/721�6� 35,1&,3/(��� :+,&+� 67$7(6� 7+$7� 7+(� 9$5,$7,21� 2)� 7+(

.,1(7,&� (1(5*<� ���� $1'� 327(17,$/� (1(5*<� ���� 3/86� 7+(� 9$5,$7,21� 2)� 7+(� :25.� '21(� %<� 7+(� 121>

&216(59$7,9(� )25&(6� � 1&�� $&7,1*� 21� 7+(� 6<67(0�� ,1&/8',1*� '$03,1*� $1'� $1<� $5%,75$5<� /2$'6�

'85,1*� $1<� 7,0(� ,17(59$/� 7�� 72� 7�� 0867� (48$/� =(52�� ,�(��

�
t2

t1

�(T� V)dt��
t2

t1

�Wncdt� 0 (2)
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���� ����%��� ���#�*�  �� %��� '��#�%���� ��$%� $� (�� ��� ���&#�� �� �$� ��'��� �*

T � 1�2�
L

0

m(x)[v
.

t(x, t)]2dx� 1�2�Mi(v
.

i)
2 (3)

��� (����� v
.

t � dvt�dt� #�!#�$��%$� %��� '�� ��%*� '��% #�  �� %��� % %��� ��$!�������%� #���%�'�� % � %��

#���#����� �)�$�� ������ vt � v� vg�� ���� v
.

i� #�!#�$��%$� %��� '�� ��%*� �%� ! ��%� ��$$� ���� ���� ! %��%���

���#�*� � #� %��� ���)&#��� ��� #��%� ��  �� %��� ��$%� �$� ��'��� �*

V � 1�2�
L

0

EI(x)[v��(x, t)]2dx (4)

��� (����� '��� #�!#�$��%$� ��'��)��� 
�� %��� $*$%���  �� ���&#�� ��� %��#�� �#�� � � ��#��%�*� �!!����

�*������ � ��$�� ���� ���!���� ��$� ����� ������%���� %�&$� %��#�� �#�� � � � �� �$�#'�%�'�� � #��$

% � ��� � �$���#��� ��� �"�� ����� � (� � %���� %��� #���%� �$��!$

v
.

t � v
.
� v

.
g v�� � p��Z v� � P�Z v

.
� PZ

.

�v
.

t � �v
.

�v�� � P���Z �v� � P��Z �v
.
� P�Z

.

���&#�� ��� � 	�%����� ��$%� %#��%��� �$� ��� �
��� $*$%���
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#0&� 57$56+676+0)� �35�� �
�� #0&� ���� +061� �	��� 2'4(14/+0)� 6*'� +0&+%#6'&� 8#4+#6+105� #0&� +06')4#6=

+0)� 6*'� (+456� 691� 6'4/5� $;� 2#465� .'#&5� 61

�
t2

t1

[m * Z
..
� k * Z � p * (t)]�Zdt� 0 (5)

+0� 9*+%*

m *� �
L

0

m(x)P2dx��Mi(Pi)
2 (6a)

k *� �
L

0

EI(x)(P��)2dx (6b)

p * (t) �� v
..

g(t)[�
L

0

m(x)Pdx��Mi(Pi)] (6c)

#4'� )'0'4#.+<'&� /#55�� )'0'4#.+<'&� 56+((0'55�� #0&� )'0'4#.+<'&� '(('%6+8'� .1#&�� 4'52'%6+8'.;�� �76

5+0%'� 6*'� 8#4+#6+10� "� +5� #4$+64#4;�� 6*'� 6'4/� +0� $4#%-'65� 1(� �3�� ���� /756� 8#0+5*�� *'0%'� 6*'

'37#6+10� 1(� /16+10� 1(� 6*'� )'0'4#.+<'&� 5;56'/� (+0#..;� /#;� $'� 94+66'0

m * Z
..
(t)� k * Z(t) � p * (t) (7)

(41/� 9*+%*� 6*'� 0#674#.� (4'37'0%;� 1(� 6*'� 8+$4#6+0)� /#56� %#0� $'� 1$6#+0'&

f 1 � (1�6.2832) k *�m *� (8)

	��������� 

����
	� ����	����

�*'� 5'%10&=14&'4� 14&+0#4;� &+(('4'06+#.� '37#6+10� )+8'0� $;� �3�� ����� 9*+%*� )18'405� 6*'

&;0#/+%5� 1(� 6*'� #/2.+67&'� "�6�� 1(� 6*'� 8+$4#6+0)� /#56� ':%+6'&� $;� 6*'� $#5'� #%%'.'4#6+10

v
..

g(t)8)�6�� )+8'0� $;� �3�� �
��� %#0� $'� 51.8'&� 07/'4+%#..;� 9+6*� 6*'� �+(('4'06+#.� �37#6+10� �1.8'4
������� +/2.'/'06'&� +0� ����!�� ����� �4'('4'0%'� ��� +5� #0� ':2.+%+6� 07/'4+%#.� +06')4#6+10

4176+0'� 75+0)� �766#=�'4510�� 5� (176*=14&'4� 24'&+%614=%144'%614� 6'%*0+37'�� �*'� 6'%*0+37'

*#5� $''0� 75'&� 57%%'55(7..;� +0� #0#.;<+0)� 6*'� 5*+2$1#4&� 5*1%-� 5+/7.#6+10� 6'565� (14� 6*'� 015'=

%#25� 1(� �'46+%#.� �#70%*� ������ �4'('4'0%'� ���� �*'� 51.76+10� 241%'55� 1(� ����� $')+05� 9+6*

4'&7%+0)� '#%*� 1(� 6*'� 691� 5'%10&=14&'4� &+(('4'06+#.� '37#6+105�� �35�� �
�� #0&� ����� +061� 691

(+456=14&'4� '37#6+105� +0� 6'4/5� 1(� 6*'� 56#6'� 8'%6145� "�+��� +� �� �� 61� ��� 9*+%*� 4'24'5'06� 6*'� &+5=

2.#%'/'065� #0&� 8'.1%+6+'5� #6� 6*'� $#5'� #0&� #6� 6*'� 6+2� 1(� 6*'� /#56� 57%*� 6*#6

at the base     dZ(1)�dt� Z(2)     and     dZ(2)�dt� v
..

g(t) (9)

and at the tip   dZ(3)�dt� Z(4)   and   dZ(4)�dt� [p * (t) � k * Z(t)] �m * (10)

�*'� (174� (+456=14&'4� '37#6+105� +0� �35�� ���� #0&� ����� #4'� 6*'0� +06')4#6'&� 07/'4+%#..;�� )+8'0

6*'� +0+6+#.� %10&+6+105� (14� 6*'� 56#6'� 8'%6145� "�+��� +� �� �� 61� ��� #0&� #0� +0+6+#.� +06')4#6+10� 6+/'

56'2�

�� 6+/'=56'2� 126+/+<#6+10� 5%*'/'� +5� +/2.'/'06'&� +0� ����� 61� '(('%6+8'.;� #&,756� 6*'

56'25+<'� 9+6*+0� #� 56'2� (14� %108'4)'0%'�� #5� 9'..� #5� 61� 4'&7%'� 6*'� 616#.� 07/$'4� 1(� +06')4#6+10

56'25� +0� 6*'� #0#.;5+5��  *'0� #� 51.76+10� &1'5� 016� %108'4)'� (14� #� 24'5%4+$'&� '4414=$170&� +0� #

56'2�� 6*'� +0+6+#.� 56'2=5+<'� +5� *#.8'&� #0&� 6*'� 241%'55� +5� 4'2'#6'&�� 72� 61� '+)*6� 6+/'5� +(� 0'%'5=

5#4;�� 706+.� 6*'� %108'4)'0%'� %4+6'4+10� +5� 5#6+5(+'&�� �0%'� 6*'� 51.76+10� %108'4)'5�� #� 5'%10&� 6'56
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&0�  %" ("!� 1,� !"1"/*&+"� &#� 1%"� 01"-80&7"�  �+� �"� !,2�)"!� #,/� 1%"� +"51� 01"-�� �%&0� 0 %"*"

4,2)!� "##" 1&3")6� /"02)1� &+� �� 1&*"8%&01,/6� 0,)21&,+� 4&1%� 3�/&��)"� 1&*"801"-0�

��	������� ��� ���
	���
���� ���
�� ��������

�%"� 3&�/�1&+$� #/".2"+ 6� ,#� �+� ����� 0601"*� &0� (+,4+� 1,� %�3"� ��  ,+1/,))&+$� &+#)2"+ "� ,+

&10� !6+�*& � �"%�3&,/�� �+� �!!&1&,+�� &1� &0� ,�3&,20� �6� &+0-" 1&+$� �.0�� �
��� 1,� �
 �� �+!� �.�� ���

1%�1� 1%"� �  2/� 6� ,#� 1%"� 3&�/�1&+$� #/".2"+ 6� ,�1�&+"!� �6� ��6)"&$%�� 0� *"1%,!� !"-"+!0

"+1&/")6� ,+� 1%"� 0%�-"� #2+ 1&,+� ��5��� 4%& %� &0� �002*"!� 1,� /"-/"0"+1� 1%"� 3&�/�1&,+8*,!"

0%�-"�� �+� -/&+ &-�)�� �+6� 0%�-"� 1%�1� 0�1&0#&"0� 1%"� $",*"1/& � �,2+!�/6�  ,+!&1&,+0� ,#� 1%"� �"�*

*�6� �"� 0")" 1"!�� �,4"3"/�� �+6� 0%�-"� ,1%"/� 1%�+� 1%"� 1/2"� 3&�/�1&,+� 0%�-"� 4,2)!� /".2&/"� 1%"

� 1&,+� ,#� �!!&1&,+�)�  ,+01/�&+10� 1,� *�&+1�&+� ".2&)&�/&2*
� 1%"0"� "51/��  ,+01/�&+10� 4,2)!

01&##"+� 1%"� 0601"*�� �+!� 1%20� 4,2)!�  �20"� �+� &+ /"�0"� &+� 1%"�  ,*-21"!� #/".2"+ 6�� �,+0"8

.2"+1)6�� &1� *�6� �"� /" ,$+&7"!� 1%�1� 1%"� 1/2"� 3&�/�1&,+� 0%�-"� 4&))� 6&")!� 1%"� ),4"01� #/".2"+ 6

,�1�&+��)"� �6� ��6)"&$%�0� *"1%,!�� �21�� 0&+ "� 1%"� 1/2"� 3&�/�1&,+� 0%�-"� ,#� 1%"� ���� *�01� &0

+,1� (+,4+� �� -/&,/&�� ��  ),0"� �--/,5&*�1&,+� *201� �"� *�!"�� �%"� ���� �+1"++�� *�01

/"0"*�)"0� �� 3"/1& �)�  �+1&)"3"/� �"�*�  �//6&+$� �� -,&+1� *�00� �1� &10� #/""8"+!
� 1%"/"#,/"�� 1%"

!"#)" 1&,+� 0%�-"� ,#� �� 2+&#,/*�  �+1&)"3"/� �"�*�  �//6&+$� �� -,&+1� *�00� �1� &10� #/""8"+!� 4�0

 %,0"+� �0� 1%"� #&/01� �--/,5&*�1&,+� 1,� 1%"� 1/2"� 3&�/�1&,+� 0%�-"� ,#� 1%"� ���� �+1"++�� *�01

�//�+$"*"+1� 0%,4+� &+� #&$2/"� ��� �%&0� 0%�-"� #2+ 1&,+�� 4%& %� 4�0� +,/*�)&7"!� �6� &10� 1&-� �*-)&8

12!"�� &0� $&3"+� �6

P(x)� (x�L)2(3�2� x�2L) (11)

&+� 4%& %� �� /"-/"0"+10� 1%"� )"+$1%� ,#� 1%"� *�01�� #/,*� 1%"� ���� )"3")� 2-� 1,� 1%"� 1&-� ,#� 1%"� 1�0(

)�*-�

�)1%,2$%� 1%"� 0%�-"� #2+ 1&,+� $&3"+� �6� �.�� ����� 4&))� /"+!"/� �� 02##& &"+1)6� �  2/�1"� 3&�/�8

1&,+� #/".2"+ 6� #,/� �� 2+&#,/*� �"�*�� &1� &0� +,1� 1%"� 1/2"� *,!"� 0%�-"� ,#� 1%"� �+1"++�� *�01� 1%�1

#"�12/"0� 0"$*"+1"!�� -�/1&�))6� 1�-"/"!� 0" 1&,+0� �+!�  �//&"0� 0"3"/�)� -,&+1� *�00"0�� �+

&*-/,3"!� -/, "!2/"� &0� +" "00�/6� 1,� �  ,2+1� #,/� 1%"0"� 3�/&�1&,+0�� �"#"/"+ "� �� 02$$"01"!

1%�1� 20&+$� 1%"� !"#)" 1&,+�  2/3"� ,#� 1%"� �"�*� /"02)1&+$� #/,*� 1%"� 01�1& � �--)& �1&,+� ,#� &10� ,4+

4"&$%1� �+!� 1%"� -,&+1� *�00"0� �0� 1%"� *,!"� 0%�-"� 4&))� 6&")!� "51/"*")6� �  2/�1"� #/".2"+ 6� &+

��6)"&$%�0� -/, "!2/"�� �%&0� &*-/,3"!� ��6)"&$%�0� *"1%,!� &0� &*-)"*"+1"!� &+� ������ �0� #,)8

),40�

�,+0&!"/� 1%"� ")"*"+1�/6� 1%",/6� ,#� �� �"�*� &+� 4%& %� 1%"�  2/3�12/"� ,#� 1%"� !"#)" 1&,+

 2/3"� #,/� �� �"�*� 02�'" 1"!� 1,� 1%"� �"+!&+$� *,*"+1� !&01/&�21&,+� ��5��  �20"!� �6� &10� ,4+

4"&$%1� �+!� 1%"� -,&+1� *�00"0� &1�  �//&"0�  �+� �"� 4/&11"+� &+� 1"/*0� ,#� 1%"� !&##"/"+1&�)� ".2�1&,+

d2yst(x)�dx2 ��M(x)�EI(x) (12)

&+� 4%& %� 601�5�� /"-/"0"+10� 1%"� )�1"/�)� !"#)" 1&,+� ,#� 1%"� �"�*� �1� �� -,&+1� 5�� �.�� ��	��  �+� �"

&+1"$/�1"!� ,+ "� 1,� ,�1�&+"!� 1%"� 0),-"� ,#� 1%"� !"#)" 1&,+�  2/3"� �+!� �$�&+� 1,� ,�1�&+� 1%"

!"#)" 1&,+�  2/3"�� 02�'" 1"!� 1,� 1%"� #,)),4&+$� �,2+!�/6�  ,+!&1&,+0�

dyst�dx� 0 at x� 0

�+!

yst� 0 at x� 0
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!+(5()25(�� 7+(� ,03529('� 6+$3(� )81&7,21�� :+,&+� ,6� 1250$/,=('� %<� 7+(� 7,3� '()/(&7,21� 2)� 7+(

0$67� <2�� &$1� %(� :5,77(1� $6

P(x)� (1�yo)��[�M(x)�EI(x)]dxdx (13)

���	����� ����	��

!+(� 9$/,'$7,21� 2)� )5(48(1&<� 35(',&7,21� %<� 7+(� &20387(5� 352*5$0� �� !#� ,6� 35(6(17('

),567� ,1� 7+(� $1$/<6,6� 5(68/76�� !+(� '<1$0,&� 5(63216(� 2)� 7+(� ���� $17(11$� 0$67� $66(0%/<� 68%>

-(&7('� 72� 7+(� $7+:$576+,3� 027,21� 5(&25'('� $7� 7+(� �	�� /(9(/� '85,1*� 7+(� ��>
�� 6+2&.� 75,$/6� ,6

35(6(17('� 1(;7�� !:2� ���� $17(11$� $55$1*(0(176� $5(� (9$/8$7('� )25� 6+2&.� (19,5210(17�

�	��!����� $17(11$� $/21(� $1'� �
�� !����� $1'� �!�� � $17(11$6� ,1� &20%,1$7,21�� !+(
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3+� 8-*� 8&7/� 0&14�� 8-*� 638&8.327� &8� 8-*� "����� &2)� �"��!� &6*� .)*28.(&0� 83� 8-&8� 3+� 8-*� 8.4� 3+

8-*� 8&7/� 0&14�� "-*� 138.32?.2)9(*)� 7-*&6� +36(*7� &2)� '*2).2,� 131*287� &032,� 8-*� 0*2,8-� 3+

8-*� 1&78� &6*� ,.:*2� .2�  &68� $��� .2(09).2,� 8-37*� &8� 8-*� '&7*7� 3+� 8-*� 430*� 1&78�� 8-*� ���� 1&78�

&2)� 8-*� *<8*2)*6� 89'*�� ;-.(-� .7� (327.)*6*)� 83� '*� 8-*� ;*&/*78� 0.2/� .2� 8-*� ;-30*� 1&78�� "-*

1&<.191� &2)� 1.2.191� +0*<96&0� 786*77*7�� ;-.(-� 3((96� &8� 8-*� 3981378� +.'*67� 3+� 8-*� 1&78�7

(6377� 7*(8.327� &8� 8-*7*� (6.8.(&0� 03(&8.327�� &6*� &073� ,.:*2� .2�  &68� �$�� "-*� *28.6*� 8.1*?-.7836.*7

3+� 8-*� 6*74327*� :&6.&'0*7� &6*� 7&:*)� .2� "� ��� +36� 40388.2,� &2)� 6*74327*� 74*(8691� &2&0=7*7

;.8-� %��� �� �� "� ��� 4038� +.0*�� ;.8-� 6*74327*� :&6.&'0*7� ;6.88*2� *:*6=� 
	� 8.1*� 78*47�� .7

0.78*)� .2� &44*2).<� ��

������
� 	��������� ��� ���� ���� �������� ����� �������� ����


�.,96*7� �&� &2)� �'� 7-3;� 40387� 3+� 8-*� "����� &28*22&�7� ).740&(*1*28?&2)� &((*0*6&8.32?

8.1*� -.7836.*7�� 6*7432).2,� 83� 8-*� �?,�
?�>� &8-;&687-.4� 7-3(/� +36� 8-*� ���� &28*22&� 1&78

;.8-398� 8-*� �"��!�� �2� ,*2*6&0�� &� +36(*)� :.'6&8.32� .7� &� 794*6437.8.32� 3+� 731*� +6**� :.'6&8.327

3+� 8-*� 7=78*1� &2)� &� 78*&)=?78&8*� :.'6&8.32� 1&.28&.2*)� '=� 8-*� ).7896'.2,� +36(*�� �.,96*� �&

7-3;7� 8-&8� 8-*� 
?�>� '&7*� 138.32� +36(*7� 8-*� "����� &28*22&� 83� 37(.00&8*� ;.8-� &2� &140.89)*

8-&8� 6.7*7�� 4*&/7�� &2)� +&007� ;.8-.2� &'398� 
� 7*(32)�� "-*� 4*&/� &140.89)*7� .2� 8-.7� 4*6.3)� &6*

���
?.2(-� ).740&(*1*28�� �
� ��?,� &((*0*6&8.32�� &2)� 

�
�� 638&8.32�� �98�� 8-*� 138.32� 7*880*7

)3;2� 83� &� +6**� :.'6&8.32� 3+� �	� ,� &2)� 
���� �>� &+8*6� 639,-0=� ���� 7*(32)7� ;-*2� 8-*� *<(.8&8.32

).1.2.7-*7�� �3;*:*6�� .8� .7� 6&8-*6� ).++.(908� 83� :.79&0.>*� 8-*� (328*28� 3+� 8-*� 8;3� +6*59*2(.*7� .2

8-*� +36(*)� :.'6&8.32� 4-&7*� 3+� 8-*� 8.1*?-.7836=� 40387� 7-3;2� .2� +.,96*7� �&� &2)� �'�� "-*

6*74327*� 7-3(/� 74*(8691� 7-3;2� .2� +.,96*� �(� 7*6:*7� .87� 496437*� -*6*� &7� .8� (0*&60=� .2).(&8*7

8-*� 4&68.(.4&8.32� 3+� 8-*� 8;3� +6*59*2(.*7� .2� 8-*� +36(*)� :.'6&8.32� 4-&7*� 3+� 8-*� 6*74327*

138.32� +36� 8-*� "����� &28*22&�� �96.2,� 8-.7� 4-&7*�� 8-*� 7-*&6� +36(*� &2)� 8-*� '*2).2,

131*28� &8� 8-*� '&7*� 3+� 8-*� *<8*2)*6� 89'*� 6*&(-� 8-*.6� 6*74*(8.:*� 1&<.191� :&09*7� 3+� ������

0'� &2)� ���
��		� .2?0'�� &7� 7-3;2� .2� +.,96*7� �&� &2)� �'�� "-*� (366*7432).2,� +0*<96&0� 786*77� .7

����	�� 47.�� ;-.(-� 6*79087� .2� &� 1&6,.2� 3+� 7&+*8=� ��!�� 3+� �	�	���� "-*� �!� .7� )*+.2*)� &7

MS = (ultimate strength/max stress) – 1 (16)

.2� ;-.(-� 8-*� 908.1&8*� 786*2,8-� �#�"�� 3+� 8-*� 1&8*6.&0� .7� 8&/*2� 83� '*� 8-*� 7&1*� &7� 8-&8� 92)*6� &

78&8.(� 03&).2,� (32).8.32�� .�*��� #�"� �� ���			� 47.� +36� 8-*� �	��?"��� &091.291�� �8� .7� /23;2

8-&8� 8-*� 8*27.0*� 786*2,8-� 3+� 1&8*6.&0� ,*2*6&00=� .2(6*&7*7� ;-*2� 8-*� 786&.2� 6&8*� .2(6*&7*7�

"-*6*+36*�� .8� .7� (327*6:&8.:*� 83� &7791*� 8-&8� 8-*� #�"� 92)*6� &� )=2&1.(� 03&).2,� (32).8.32� .7

8-*� 7&1*� &7� 8-&8� 92)*6� &� 78&8.(� 03&).2,� (32).8.32�� "-*� 1&<.191� +0*<96&0� 786*77� .2� �5�� �
��

.7� 3'8&.2*)� '=� ).:.).2,� 8-*� 1&<.191� '*2).2,� 131*28� &8� 8-*� '&7*� 3+� 8-*� *<8*2)*6� 89'*� '=

.87� 7*(8.32� 13)9097� ,.:*2� .2� &44*2).<� ��� �� 71&00� 2*,&8.:*� �!� 3+� �	�	��� 1*&27� 8-&8� 8-*

*<8*2)*6� 89'*� .7� 32� 8-*� '36)*60.2*� 3+� '*.2,� &'0*� 83� 7978&.2� 8-*� 7-3(/�� "-*� 1&<.191� '*2)?

.2,� 131*28� &8� 8-*� '&7*� 3+� 8-*� 430*� 1&78� .7� ����	�
		� .2?0'�� ;-.(-� 6*79087� .2� &� 1&<.191

+0*<96&0� 786*77� 3+� ������� 47.� &2)� &7&+*� �!� 3+� 	����



14


��$!�� ���� � 	�" �������#� ��"#�!&� ��� ������ ��#����� �%�#��$#� 
��	��

�$�� #�� �(�'� "�� ���!�� "�����
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�#� �"� ��#�!�"#���� #�� ����#� �$#� #��#� ���� #��� �$��� �����#$��� ��� #��� �'��#�#���� ��"#��� �����!

#���� �� "������� "�(� �� "�����"� �"� "��&�� ��� ���$!�� 	��� #��� !�"�� ���� ����� ��#���� ��#&���� �� ���

��"������ "��&�� ��� ���$!�"� ��� ���� ���� &�$��� ��%�� !����#��� �#"���� ����!�� "�##����� ��&�� #�� #��

�!��� %��!�#����� �"� "��&�� ��� ���$!�� 	��� ���"� ����� ��� %��!�#���� #��#� �$���"� $�� ���� ������"��"� ��

�� !��$��!� ��##�!�� ��� ���#"� �"� ���&�� �"� *���#����� ��� ��!���� %��!�#����� &����� ������"� &���

#��� �!�%�� �!� $���(� �"� ���"�� #�� #��� ��#$!��� �!� $���(� ��� #��� "("#���� �"� �"� #��� ��"�� ��!��� ���

��!���� ��� *���#������ &����� ������"� ��� ��&� ���"�� #��� #&�� �!� $�����"� �!��� ���� ��� ���!�'�+

��#��� �(� #��� � $�#���

Tb � 1�(fn� f) � 1.042 second

��� &����� ��� ���� �� �!�� #��� ��#$!��� �!� $���(� ��� #��� "("#��� ���� #��� �!�%���� �!� $���(� ��� #��

��"�� ��#����� !�"���#�%��(�� ���"� ��!���� ��� ���#���� ��� "����#�(� �%�!��� "������ ���� ��� ����!�(

��"�!%��� ��� ���$!��	��


��$!�� 	��� � ������)��� ���$#� ������!�#���� &�%���!�� &�#�� �� �+"�����

�$!�#���� ��� ����� �����#$���


��$!�� 	��� � ��"��������#� ��"#�!(� ��� �
�
�� ��#����� "��&���� �� *���#����

��##�!�� �$!���� #��� ��!���� %��!�#���� ���"�� ��� #��� !�"���"�� ��#����
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